Variational Inference in RL
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Part 1:
Amortized variational inference



Variational inference

log p(i) > E,q.()|log pe(zi|z) + log p(2)] + H(q;)

1 1
0 < arg maX = . log pg(x;) 0 < arg max — Z Li(p,q:)

for each x; (or mini-batch): let’s say ¢i(z) = N (pi, 04)
calculate Vo L;(p, q;): use gradient V. L;(p, q;) and V5, L;(p, q;)
sample z ~ ¢;(2) gradient ascent on pu;, o;

VoLli(p,q) =~ Vglogpg(x;|z)

0« 0+ aVeLli(p,q;) / how?

update ¢; to maximize L;(p, q;)



What’s the problem?

for each x; (or mini-batch):

calculate Vo L;(p, q;): let’s say ¢i(z) = N (pi, 04)
sample z ~ qz(z) use gradient VM L; (p, qz-) and Vai L; (p, qz-)
VoLi(p,qi) = Vologpg(x;|z) gradient ascent on p;, o;

0« 0+ aVeLli(p,q;)
update ¢; to maximize L;(p, q;)

How many parameters are there? 0| + (|pi| + |os]) x N

intuition: ¢;(z) should approximate p(z|z;)  what if we learn a network q;(2) = q(z|z;) ~ p(z|x;)?

- o(el) = N(po(a), 00 (2)




Amortized variational inference

po(x[2) 4o (z|z) = N(pg(r), 04 ()

L(po(wil2), g¢(2]zi))
for each z; (or mini-batch): !

:
calculate Vo L(po(xi|2), gp(2|z:)): log p(2i) = E.ng, (212, [log po(i]2) + log p(2)] + H(gs(2|2:))
sample z ~ gy (z|z;)
VoL ~ Vglogpg(z;|2)
0 0+ aVel

Q< o+aVyuL
@ '\

how do we calculate this?



Amortized variational inference

for each x; (or mini-batch):

calculate Vo L(po(xi|2), qo(2|z;)): look up formula for
sample = ~ g4 (2|z:) 4o(2|7) = N (1o (z), 04 ()) entropy of a Gaussian
VoLl ~ Vglogpg(z;|2) /
0 <0+ av@f’ Ez — Ezwq¢(z|mi)[1ogp9($i|z) + 10gp(2)] + %(Q¢(Z|$z))
Q= d+aVelD ‘ , :

J((/b) — Ez~q¢(z|:c@-)[’r($ia Z)]

can just use policy gradient!

What’s wrong with this gradient?

1
VJ(¢p) =~ Vi Z Vs log qp(2j|x:)r(zi, 25)

J



The reparameterization trick

Is there a better way?

J(@) = Ergy(zlan 1 (@i, )] q9(z|z) = N(po(2), 04 ()

= Eeuno.n (@i, pg (i) + € (24))] 2 = () + €0y ()

estimating V.J(¢):

sample €1, ..., ey from A(0,1)  (a single sample works welll) e ~ N(0,1)

Vo (6) ~ v Z Vor(xi, pg () + €j04(x5)) independent of ¢!

J

most autodiff software (e.g., PyTorch) will compute this for you!



Another way to look at it...

Li = E.ngy(zlellog po(wilz) +logp(2)] + H(ge(22:))

— Ezwq¢(z|azi)[10gp9(m'i|z)] + Ezmq¢(z|m1)[10gp(z)] + H(Q¢(Z|$z))

—Dk1.(gs(2|2;)||p(2)) <—— this often has a convenient analytical
form (e.g., KL-divergence for Gaussians)

= B.eqy 1o 08 2o (7i]2)] — Dic (g6 (2l:) [p(2)
= w0108 po(wilig () + €04 (2:))] — Dict (ag(2]:) [p(2))

~ log po (il (1) + co(2:)) — Dx(go(z]2) [p(2))

= _— Mqﬁ(xi)\
(i) + €ogp(wi) = 2 — po(zi|2)

T og(w) Ty
e ~N(0,1)




Reparameterization trick vs. policy gradient

* Policy gradient

1
J(9) ~ 7+ > Vologqs(zlai)r(wi, 25)

* High variance, requires multiple -

samples & small learning rates
* Reparameterization trick

i i Ve V 73 7 7
* Only continuous latent variables oI (9) ~ Z o7 (Tis fig(Ti) + €j05(23))

J



Part 2:
Generative models



1
max —
0.6 N

e ~N(0,1)

Z log po(wilpg (i) +€og(w:)) — Dxr(ge(2|2:)|p(2))



why does this work?
sampling: c,
z ~ p(2)
x ~ p(|z)

— Ezwq¢(z|$¢)[logp9($’i|z)] - DKL(Q¢(Z|Q’J%)”])(Z))




Example applications

Representation learning

f Z ",..
z is a representation of s Po (S‘Z )

@ 1. Train VAE on states in replay buffer R
2. Run RL, using z as the state instead of s

Why is this a good idea? Sample algorithm

LRaEGIS 2200¢ 1. Collect transition (s, a,s’,r), add to R
LL88J3J 29999

vemess 3P999€ 2. Update py(s|z) and q4(z|s) w/ batch from R

BRkerr IPOCE

FEFITIR A A AL 3. Update Q(z,a) w/ batch from R

ST feass

/ Higgins et al., 2017

::3333 ggg{)g This also provides a great way to use prior data!
RAREZZ 99909



Conditional models

fﬂi — Ezmq¢(z|m,;,y@') [IOgPQ (yz|$’w Z) + logp(z|:r:i)] + H(QQb(leia yZ))

just like before, only now generating y;

and everything is conditioned on z; z ~ N(0,1)

at test time:



Example applications

Multimodal imitation learning

Learning Latent Plans
from Play

p(a|S,Z)

2.5x
speedup

action likelihood single general policy

action
decoder

Acurrent A goal A latent plan
e . Y (sampled)

<@

KL divergence
minimization

//-\
© |<— latentplan
o " distribution space

e
plan plan
proposal recognition

play data




Exa M p | ed p p | |Cat|o NS Learning Fine-Grained Bimanual Manipulation with

Low-Cost Hardware
IVI u Iti m Oda I im itatio n Iea rn i ng Tony Z. Zhao!  Vikash Kumar® Sergey Levine? Chelsea Finn'

! Stanford University 2 UC Berkeley * Meta

transformer transformer
encoder decoder

CO-GO00 EEes-O

N, cam 1 cam4 joints 2 position embeddings (fixed)

[~

p(a|8,2)

FI Z style variable 1

transformer
encoder

ATATA

Jlgnoes |

[CLS] joints action sequence + PosEmb

480X640X3




Relationship to diffusion and flow matching

conditional VAE diffusion or flow log p(ag|s) >
g
4 Eun.i~qlansas)logplaols, anr)]

—Dxr(q(aar:1lao), plaar:1))

p(ar—ar|s,ar, ) T \

forward reverse
(noising) (denoising)
process process

p(aT—ATIS: Ar, T)

diffusion can be thought of

log p(als) > as a hierarchical VAE

p(a’T—AT’S? Qr, T)

Note:
with diffusion (DDPM), noise is aq
ay ~ N (0: I) with flow matching, noise is ag




State space models

— (01,02, ...,OT)

p(Zt+1 \Zt; at)
What is the prior?
What is the decoder?

What is the encoder?

Z

\\z Z,4
\23/'

we’ll learn more about this when we
discuss model-based RL!

learned
N(0,T)
\ /
p(z) = p(z1) | | p(2e11 121, a1)
t

po(olz) = [ plorlz:)

t

gs(zl0) = | [ a6 (zt|01:¢)
t



Intermission



Part 3:
Control as inference



Optimal Control as a Model of Human Behavior

(a) setup

Z45 2
",;453 A
sl i
eSSt
AN

NN e
\\\f,ﬁ- ]

&
D

A

Mombaur et al. ‘09 Li & Todorov ‘06 Ziebart ‘08

T
ai,...,ar = arg max E r(se, ay)
t=1

a1 ,y.... AT

sir1 = f(s¢, ay) optimize this to explain the data

T = arg mT?X ESt+1NP(St+1 S¢,a¢),ar~7(at|st) [T(Stv at)]

ap ~~ 7T(at|8t)



What if the data is not optimal?

some mistakes matter more than others!

behavior is stochastic

x but good behavior is still the most likely



A probabilistic graphical model of decision making

p(s1.7,a1.7) =77 noassumption of optimal behavior!

~

T

p(T|01:T) p(0t|8t7 at) = exp(r(st, at))
. p(Ta OlIT)
PriOwT) = =600

x p(T) Hexp(r(st, a;)) = p(7)exp (Z r(St, at))

t




Why is this interesting?

e Can model suboptimal behavior (important for inverse RL)

* Can apply inference algorithms to solve control and
planning problems

* Provides an explanation for why stochastic behavior might
be preferred (useful for exploration and transfer learning)



Inference = planning

p(O4lsy, ay) o< exp(r(ss, ar))

p(st—l-l |Sta at)

how to do inference?

1. compute backward messages 5; (s, a;) = p(Op.r|st, ar)
2. compute policy p(a;|s;, O1.7)

3. compute forward messages a;(s;) = p(s¢|O1.4-1)



Inference = planning

p(O4lsy, ay) o< exp(r(ss, ar))

p(st—l-l |Sta at)

how to do inference?

1. compute backward messages 5; (s, a;) = p(Op.r|st, ar)
2. compute policy p(a;|s;, O1.7)

3. compute forward messages a;(s;) = p(s¢|O1.4-1)



Backward messages

p(O4lsy, ay) o< exp(r(ss, ar))

P(St+1 |St; at)

Bt(st; at) = P(Ot:T\Su at)
— fp(ot:TaSt+1‘Staaf)dSt+1 fOI‘ t = T — 1 to 1:

B /p(ot+1:T|St+1)p(St+l|Staat)p(0t|staat)dst+l —— Bi(st,;ar) = p(Otlst, at)ESt+1NP(St+1|Staat) Be+1(St+1)]

P(Ot+1:T|St+1) = /p(ot+1:T|St+1aat+l)p()a,Vf‘{+l

Bi(st1,a¢41) T

which actions are likely a priori
(assume uniform for now)

| / Bi(st) = Eatwp(at|st)[/6t(st; a)]
dag41




A closer look at the backward pass

value iteration algorithm:

for t =T — 1 to 1- 1. set Q(s,a) « r(s,a) + yE[V(s')]
2. set V(s) + max, Q(s,a)
Bt(st; at) = p(ot ’St; at)Est+1Np(st+1 s¢,a¢) [5t+1 (St+1)]

Bi(st) = Ea,~p(a,|s,) Bt (st, a¢)] “optimistic” transition
(not a good idea!)
|

let Vi(s¢) = log B¢(s¢) Qi(s¢,ar) = r(s¢, ay) +,10gE[exp(Vt+1(st+1))]‘

let Qi(s¢,a:) = log Be(se, ay) deterministic transition: Qu(s;,a;) = (s, a) + Vir1(Sir1)

we’ll come back to the stochastic case later!

Vi(se) = log/eXP(Qt(St,at))dat

Vi(s¢) — max Q(s¢, ay) as Qy(s¢, a;) gets bigger!



Backward pass summary

robability that we can be optimal at steps ¢t throueh T
Bt(st; at) — p(ot:T|St; at) p. Y X p b 5
given that we take action a; in state s;

fort=T —1 to 1:
Bi(st,ar) = p(Olst,at) Es, ~p(syis|se,ar) [Be+1(St41)] compute recursively from t =T to ¢t =1

Bt (St) — Eatwp(atlst) [/Bt(stv atﬂ

let Vi(st) = log Bi(st) log of 3; is “Q-function-like”
let Qt(St, at) — bg Bt(sta at)



The action prior

remember this?

P(Ot+1:T\St+1) =/ (Ot+1 T|St+l;at—|—1 /M‘\{H dag41

Bi(St41,at41) (“soft max”)

what if the action prior is not uniform? V(s:) = log / exp(Q(st, ar) + log p(as|st))ay

Q(s¢,a:) = r(s¢, a¢) + log Elexp(V (s¢41))]
let Q(st,ar) = r(st,ar) + log p(asls;) + log Elexp(V (s¢41))]

V(s) =log [ exp(Qlsiadiar & Visi) = 1log [ exp(@(sivar) + lognlailso)a

can always fold the action prior into the reward! uniform action prior
can be assumed without loss of generality



Policy computation

p(O4lsy, ay) o< exp(r(ss, ar))

P(St+1 |St; at)

2. compute policy p(as|ss, O1.7) Bi(st, as) = p(Oprlsy, ay)
5t(St) - p(ot:T‘St)

p(at|sta Ol:T) = W(at|St)

= P(at\St, Ot:T)

. p(ag, s¢|Opr)
" plsidOur) rladsr) = 2

_ p(Ourla, se)p(ay, se) /plrT)
Ot T‘St St /Jl@%

_ P(Ourlay, si) p(as, si) _ Bi(st, at)
= 0l ) Bisy) BET




Policy computation with value functions

fort=T —1 to 1:
Qi(se,ar) = T(St; a;) + 10gE[eXP(Vt+1(St+1))]
Vilse) =log [ exp(Qi(st.an))a

Bi(se, at) Vi(s¢) = log Be(st)
T(ag|sy) = By (sy)
P Q1 (s, ar) = log Be(st, ar)

m(ag[st) = exp(Qi(se, ar) — Vi(sy)) = exp(Ay(se, ar))



Policy computation summary

m(ag|s;) = exp(Qi(se,ar) — Vi(se)) = exp(As(st, ar))

with temperature: m(ag|s;) = exp(=Q¢(st,ar) — = Vi(st)) = exp(= Ay(st, ar))

* Natural interpretation: better actions are more probable
 Random tie-breaking

* Analogous to Boltzmann exploration

* Approaches greedy policy as temperature decreases



Forward messages

p(O4lsy, ay) o< exp(r(ss, ar))

p(SH—l |Sta at)

a1(s1) = p(s1) (usually known)

a(s) = p(s¢|Orie—1)
— /p(staSt—laat—l‘Oltt—l)dSt—ldat—l — /p(St|St—1,at—h%)p(at—ﬂst—l,Ol:t—l)p(st—1|O1:t—1)dSt—1dat—1

:/p(st|st—1aat—l)p(at—l‘st—laOt—l)p(st—l|01:t—1)dst—1dat—l

at—1(8¢-1)
P(Or—1lst—1,a:1)p(as—1]st—1) p(OprtSt_1)p(5t—1|O1:4—2)
ar_108¢—1,O0¢_1)p(5¢—1|01:4—1) =
p(at-1[st—1, Or—1)p(st-1|O1:t—1) P(Op T 1) p(O4_1]|O1:—2)
what if we want p(s¢|O1.7)7 CACH

p(St|Ol:T) — pf(t(’;f;?) — p(Ot:T‘:t()gizs;’)ou_l) X Bt(St)p(StK/)l:t—l)Ml) .8 6t(St)Oft(St)

¢ (St)



Forward/backward message intersection

_ , . states with high probability of
states with h;]g.h problablllty of p(st) oc Be(se)as(st) being reached from initial state
reacning goa (with high reward)

\ J/

state marginals



Forward/backward message intersection

(b) spatial paths (c) movement variability

4+ 6
6 =
C& By o' e TIP 2
6o TIP2 - : 2
[ e
8
= 5
- TIP 1 5 i
ﬁ
o
Q.

0 50 100
path length (%)

Li & Todorov, 2006
states with high probability of

p(st) o Bi(s)a(st) being rea.chec?l from initial state
(with high reward)

states with high probability of
reaching goal

state m;\




summary

1. Probabilistic graphical model for optimal control

2. Control = inference (similar to HMM, EKF, etc.)

3. Very similar to dynamic programming, value iteration, etc. (but “soft”)
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