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1 In Today’s Section

A deeper dive into the topics discussed in last week’s lecture:
1. Latent variable models
2. Variational Inference + Variational Autoencoders (VAEs)

3. Control as Inference

2 Latent variable models

Say you want to model some distribution, p(z), maybe a conditional distribution, p(y|z). (for example, 7(als)).
We may choose to believe there is some unobserved variable, z, such that,

p() = / p(z])p(2)
p(ylz) = / p(ylz, 2)p(2)

where, z could correspond to some underlying information, such as the intent of an agent when encountering
a multi-modal decision.

This form allows us to represent highly complex distributions, but becomes intractable to figure out, as
sampling z, especially if it is arbitrarily large, to compute this integral, would be impossible to do in any
reasonable amount of time.

Naturally, we could decide we want to represent p(x) with parameters 6 and optimize § with the maximum
likelihood objective,

1
Bl 1 )
0 < arg max % og po(x;)

0 < arg mgmx % Zlog(/p0($i|z)l?(z)))

Where i indexes into each of our data points. But we still have our intractable integral (and we would need
to differentiate it!) and we cannot estimate it with samples because of the non-linearity of the log.

Say we instead want to optimize w.r.t an ezpected log-likelihood objective

1
0« argmax ZEwp(zm) [log [pe (] z)p(=)]]

where the key here is we sample z from our posterior distribution, z ~ pg(z|x;).

The fundamental problem we will discuss today is how we learn this posterior distribution.
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3 Variational Inference

3.1 How do we learn a model that approximates p(z)?

Assume that we choose our learnable posterior distribution to be, ¢;(z), which corresponds to each data point,
Z;, as a Gaussian distribution, just to make it tractable and convenient (but as as we will see, this doesn’t
matter). We want the ¢;s to approximate the true posterior distributions of p(z).

Let’s write out the equation for log p(z;), and move things around a bit to get an expectation over z ~ g;(2)
with our incorrect (but convenient) guess for g;(z).

log p(x;) = log / p(zilz)p(2)

=10 [ ptailon() £

qi(2)
)

=log E.~q(2) [W}

p(zi|2)p(z )}
()

= E.q,(2) [log p(xi|z)

= E.q,(2) [log p(xi|z)

Equivalent to multiplying by one

Apply Jensen’s inequality

> Ezwq,; (2) |:10g

I ) = log(x) + log(y) — log(2)

+1log p(2)] — E.g,(2)[log qi(2)] log(—
+logp(=)] + H(q:) Second term is entropy
No matter what g; is, a lower bound for logp(z;) can be
constructed, which, when the lower bound is increased,
log p(x;) will also increase. This is dependent on how tight

the bound is, and the tighter the bound, the more easily
log p(x;) can be increased by pushing up on it.

Jensen’s Inequality: For any convex func-
tion, p(X),

o(E[X]) < Ep(X)]

For another perspective, let’s look at the reverse KL. The

reverse KL can be simplified to Entropy: The entropy for a given random

variable, X, distributed according to p(z), is
defined as,

Drcllp) = (o) ow 15 H(p) = By o8 ()]

—z Vogq(e) — ¢(z) log p(2) ~ - [ @182t

here it can be thought of as measurin

= - ~q(x 1 EwN T 1 W & &

ervq() 108 P(@)] + (108 ()] the randomness of X or how big the log-

—Eiq(a) [log p(z)] — H(q) likelihood of the distribution is in expecta-
tion under itself.

Our bound looks like the negative reverse KL between
p(z;) and g;(z). Let’s define this bound as

Li(p,qi) = E.og, () log p(xi]2) 4+ log p(2)] + H(q:)

Let’s try another method to arrive at a bound. What would make a good posterior? It should approximate
the true posterior p(z|x;). Let’s use KL divergence (reverse KL specifically).
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Drr(qi(2)||p(2|zi) = Ezngi(2) [l

»Q

= EZqu(z) [10

= Ez~q1 (2) [lng(
= *Ezrwq,(z) [logp(xz
—Li(p, ¢:) + log p(x:)

We want to maximize logp(z;), so let’s rearrange

log p(:) = Drr(qi(2)p(z]2:)) + Li(p, ;)

This is also a lower bound as:

e The KL is always positive, so £ 4+ Dy, must also be
a lower bound.

e As the KL goes to zero, the bound will become
tighter and when ¢;(z) = p(z|z;) and Dk = 0, this
will be an equality!

This also means we can use the same objective to maximize

p and make g; close to p(z|z;). Say we represent ¢;(z) = N(u;,0;) and we parameterize p(z;|z)

)
2) +10gp(2)] + E.g,(2) 108 ¢i(2)] + E.rg,(z) [log p(z;)]
z) +logp(z)] + H(q;) + log p(z;)

KL divergence: The Kullback-Leibler
(KL) divergence of two distributions, p(x)
and q(x),

(sc

D )

kr(plle) = ZP (x
where it can be thought of as measuring
the randomness of X or how big the log-

likelihood of the distribution is in expecta-
tion under itself.

= po(wi|2).

Algorithm 1 Variational Inference

Initialize 0, u;, o;
for z; or mini-batch in D do
Calculate VyL:
z ~qi(z)
VoL =~ Vg logps(z|2)
0 0+aVyl
Calculate V,, L, Vs, L
Wi = i + avui['
0; < 0; + ongiE
end for

But! As ¢ corresponds to the number of data points, #parameters o i.

3.2 Amortized Variational Inference

To make variational inference tractable, we can share vari-
ables (such as p and o) across data points. This is also
valid as we essentially make ¢;(z) = ¢(z), and any ¢ is valid
per our bound. But as likely every data point does not
have the same posterior, we represent it as a function z;,
4, (z|z;), parameterized by .

This gives the new objective

L;= Ez~qw(z|zi)[10gp9(xi| ) + Ing( )] + H(Qw( |JJL)) = EZqu(zlzL [10gp9( l| )] -

M Z V, log qg,(zj |xl)[1ogp9(xz|z]) + 1ogp(zj)]

Vo ()

Expectation-Maximization:

E-step: Update the expected values of latent
variables (Optimize ¢ for g, (z|x;))

M-step: Maximize the expected log-
likelihood (Optimize 6 for pg(z;|z))

Drer(gp(zl2i)[[p(2))

Spring 2026
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But we run into an expectation over samples from the model we are trying to optimize. We have two options:
1) policy gradient method, 2) the reparameterization trick (see table 1). We will choose the reparameterization
trick, allowing us to rewrite our objective

Li = Een(0,1)[l0g po (@il b (1) + €0 (2:))] — Dicr(gp(2]24)|[p(2))
~ log po (il py (i) + €0p(x:)) — Drr(ge(2]|z:)||p(2))

3.3 A Latent Variable Model: Variational Autoencoder (VAE)

VAEs allow us to encode complex states into a simplified latent space (the zs), which will preserve the
information from the s while removing redundant information. We train two models:

1. Encoder — gy (z]x) = N (pp(x), 0y ())
2. Decoder — pp(z|2) = N (ug(2), 00(2))
Note: typically p(z) (the prior) is typically p(z) = N(0,1)

Taking our equation from before (with the reparameterization trick), our full objective is
Objective for VAE (Evidence Lower Bound or ELBO):
1
max = > 1og po(wilii, (i) + €0 (2:)) = Dicr (ap(21:)]Ip(2))
’ i
where € ~ N (0,1)

At test time:

2z~ p(z) often N(0, )

x ~ pg(z|2)

We can sample z ~ p(z) at test time, even though we never sample from it at train time for updating py,
because we make ¢, look like the true posterior with the first term, while the second term makes it look like

the prior (p(z)).

We can extend this to conditional models (modeling p(y|z), or our favorite conditional model 7(a|s)) with a
simple modification to the previous objective

Objective for Conditional VAE:
1
I{olfpx N Z log po (yil ke (i, yi) + €0 (i, vi)) — Drn(qe (2123, yi)|[p(2]2:))

where € ~ N (0,1)

Property ‘ Policy Gradient Method ‘ Reparameterization Trick
V() = 31 25 Ve logae(zile) f(wi, z) | 37 20, Ve (@i, pe(@:) + oy (22))
Variance High Low

Latent variable types Continuous / Discrete Continuous only

Table 1: Overview of methods to deal with gradients through samples. Here, f(z;,z;) is just some function
of Ty Zj-



Berkeley CS 185/285 Deep Reinforcement Learning, Decision Making, and Control Spring 2026

At test time:

z ~ p(2|z;)
y ~ po(ylws, 2)

Where the biggest thing we’ve changed is now everything is conditioned on x;. Note that we can also modify
our prior so be conditioned on z; such that z ~ p(z|x;).

4 Control as Inference

4.1 A model for human behavior

¥ S
NG
Figure 1: Dynamics with optimality variables

RL models rational agents that attempt to be optimal in every step. However, humans are often not perfectly
optimal, and rather we have stochastic behavior where good behavior is most probably but bad behaviors still
have non-zero probability.

Considering this, we can add binary optimality variables at each step, conditioned on state and action (see sec-
tion 4.1), which we can observe. While previously our MDPs just modeled physics, these variables can now
help us ascribe the agent’s intent to the dynamics.

Let’s assume we can model p(Oy|s;, ar) = exp(r(ss, ar)) and that r(s;, ar) < 0 so that 0 < p(Oy|ss,ar) < 1.
What would the distribution of trajectories be given the agent tries to be optimal at all steps?

p(Ta OI:T)

p(r|Our) = p(Or.1)

We can approximately say this is proportional to the probability of any physically possible trajectory, p(7),
times the probability of being optimal at every step

fm o p(7) H exp(r(s¢, at))

= p(7) exp (Z r(st, at))

t

which means the agent is most likely to take the most rewarding trajectory (sum of rewards over the trajectory),
and as the trajectory becomes less rewarding, it becomes exponentially less likely.
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4.2 How can we use this model?
We can use this model to solve various inference problems:

e Backward messages: [:(s¢,a;) = p(Oprl|st, ar) — How likely is the agent to be optimal at this step
and all future steps given the current state and action?

e Computing policies: p(at|st, O1.7) — Given the state and optimality over the trajectory, what is
the probability of a given action?

e Forward messages: «;(s;) = p(s¢|O1.4—1) — What is the probability of a given state given how
optimal you have been up until that state?
4.2.1 Backwards Messages

To be able to compute S;(s¢, at), we will set up a recursive method, going forward in time from ¢ to ¢t + 1 all
the way to T. At time T, our base case is p(Or|st, ar) = exp(r(st,ar)).

Let’s break up B:(s¢, at)

ﬁt(st,at) = p(Ot:T|5taat)

= /p(@t:T,st+1|st,at)dst+1 s¢41 is marginalized out, so equality

= /p(0t+1:T|st+1)p(st+1|st,at)p((')t\st,at)dstJrl O¢.r only depends on sy

We already have two terms that are known, p(si11|st,at), from our graphical model, and p(O|s;,a;) =
exp(r(s¢, at)). Let’s break down the first term.

P(Oi1.7|8t41) = /p(OtH:T\StJrhat+1)P(at+1|St+1)dat+1

We’ve done the same marginalization trick as before to insert the actions into our equation. We also notice
that the first term is

Ber1(St41, at41) = P(Orp1.7|St41, At41)

The second term seems to be a policy unconditioned on optimality, also known as the action prior of the
agent. We can assume this is uniform (the agent is equally likely to take any action if it has no incentive to
do anything in particular).

As a result, we get the following recursion and an analogy to the RL concepts we’ve discussed before:

Backwards Messages:

Original Form (from graphical model) RL form (still from graphical model!)
fort=T—1to 1: Let Vi(s:) = log Bi(st), Qi(st,ar) = log Bi(se, ar)
Bi(st,ar) = Vi(s) =
Or | 8t,08) B, mop(sianlse.an s
p( t‘ ' t) Al )[ﬂtH( t+l)] IOg/exp(Qt(shat))dat
ﬂt(st) =
Eat'\/p(at|8t)[ﬂt(st’ at)] Qt(st’ at) -

7(st,at) + log Elexp(Vi41(st41))]

The interesting thing about this relationship is that it kind of looks like a Bellman backup and our value
iteration algorithm despite just being derived from a graphical model of dynamics! The differences are:
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e “Soft max” instead of the hard max for Vi(s;)
e Log expectation of the exponential of V; instead of the regular expectation

However, by having Elexp(Vit+1(st+1))], we are implicitly being optimistic over stochastic transitions. We will
get back to this when we discuss control as variational inference in this context.

If we do not have a uniform action prior, this is equivalent to changing the reward

Vi(st) = 1og/exp(Qt(st,at) + log p(at|st))day
Qi(st,a1) = 7(81, ar) + log Elexp(Viy1(s1+1))]

Qi (st at) = 7(s¢, ar) + log p(ar|st) + log Elexp(Vit1(st+1))]

Intuitively, this is because if the action prior is not uniform, then there is some implicit reward for some actions
over others. Therefore, we can just modify the reward.

4.2.2 Policy Computation

To get our policy, we simply compute 7(a¢|s;) = p(a¢|s:, O1.1), the action when the agent is always optimal.

m(at|st) = platlse, Orr)
= p(a¢|st, Opr) Past does not matter
P at,St‘Ot:T)

p(5¢|O¢.1)

_ p(Ovr.r|st, as)pla, s¢)/p(Or.r)
B p(Orrlst)p(st)/p(Orr)
_ p(Orr|se, ar) plag, s¢)
~ p(Ourlse)  p(se)
o 6t(5t,at) : o . .
= Wp(at|8t) Sub in Bi(s¢, ar) and Bi(sy)

ﬁt St, Gt . . .
= M Uniform action prior

ﬁt(st)

Conditional probability

Bayes’ rule to top and bottom

p(Or.) cancels and split

Applying our same value function interpretation as before,

exp(Vi(st))
exp(Qi(st, ar))
= exp(Vi(st) — Q(st, ar))
= exp(As(s¢, ar))

m(ai|s;) =

So our agent is most likely to take actions that provide high advantage, and as the action’s advantage for the
current state gets worse, it is exponentially less likely to take those actions.

To make the distribution softer or harder with respect to our value functions, we can apply a temperature,
«, that when increased softens the policy and when decreased sharpens it. As o — 0, the policy goes to the
greedy policy.

m(atlst) = eXp(éAt(St, a))
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4.2.3 Forward messages

Forward messages can be used to figure out what our state distribution will look like given how optimally
the agent behaves. We will go through the same steps as for backward messages, with the base case that
a1(s1) = p(s1) is usually known.

ay(sy) = /p(3t75t—17at—llol:t—l)dst—ldat—l
= /p(st|st_1,at_1,Ol;t_l)p(at_l\st_l,Ol:t_l)p(st_l|(91:t_1)d5t_1dat_1 Break up the probability

= /p(st|st_1,at_l)p(at_lptfl\St_1)p(8t_1|(’)1:t_1)dst_1dat_1 Transition indep. of optimality

We know p(sg|s¢—1,a:—1). Just looking at the second two terms

P(Or—1|8t—1, ar—1)p(ar—1|st—1) P(Or—1)p(5¢—1|O1:4—1)
p(otfl) p(ot71|01:t72)

- ap—1(5¢-1)
= p(Otfl |8t71, atfl)p(atfl |5t71)p—(0t_1 |01:t—2)

plar—1|st—1, Or—1)p(5t-1]|O1:4—1) = Bayes’ rule

Cancel and sub in a;_q

Now a lot of these things look pretty familiar. p(O;_1|st—1,a:—1) = exp(r(st—1,a:—1)) and p(st—1|ar—1) is our
action prior, which we assume is uniform.

To write it out fully

Forward Messages:

Oét—l(St—1)

o (s) = /p(3t|5t_1,at_1)exp(r(8t—17at—1))m

What is most important to observe is that we can write the distribution when optimal over the entire trajectory
as

p(st; Ovr) e .
p(st|Ovrr) = —F—— Conditional probability
(s ) p(Or.r)
_ P(Orr|s)p(se, Or:-1) Bayes’ rule
p(Or.r)
x Bi(se)ae(se) Split joint into conditional

This means that our states will lie in the overlap of the “cones” of the backward and forward messages.
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