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Value Functions

» Definitions (review):

Q(s,a) =E; [n+yn+7°’n+... |s=sa=a
Called Q-function or state-action-value function

VW(S) :Ew [r0+’7r1+’72r2+... ISO :S}
= EBNW [QW(S, 3)]

Called state-value function

A™(s,a) = Q"(s,a) — V™(s)
Called advantage function



Bellman Equations for Q™

» Bellman equation for Q™

QW(SOv 30) = IEsle(sl | s0,a0) [rO + ’VVW(Sl)]
= IEsle(sl | s0,a0) [rO + VEa o [Qﬂ-(sh 31)]]

» We can write out Q™ with k-step empirical returns

Qﬂ(s()v aO) = Esl,al | s0,a0 [rO + ’Yvﬂ-(slﬂ 31)]
= E51731752732 | s0,a0 [rO +vn+ ’72 QW(527 32)]

= Esl,al.,.,sk,ak 50,30 |:r0 +yn+---+ ’Yk_lrk—l + ’YkQW(sky ak)]



Bellman Backups
» From previous slide:
Q™ (50, a0) = Eg,~p(s | s0,20) [0 + VEayor [QRT (51, a1)]]
» Define the Bellman backup operator (operating on Q-functions) as follows
[T Q](s0; a0) = Esimp(s, | s0,20) [0 + VEapor [Q(S1, a1)]]
» Then Q7 is a fixed point of this operator
T =@

» Furthermore, if we apply 77 repeatedly to any initial Q, the series converges

to Q7
Q, TFQ, (TTI')ZQ’ (7~7r)3c\)7 RN Q7r



Introducing Q*

v

Let 7* denote an optimal policy
Define Q* = @™, which satisfies Q*(s, a) = max, Q" (s, a)
7* satisfies 7*(s) = arg max, Q*(s, a)

v

v

v

Thus, Bellman equation
Qﬂ(507 aO) - ]E51~P(51 |So,ao) [rO + ”}/Eal,\,ﬂ— [Qﬂ-(sla al)]]

becomes
Q*(50> 30) = ESlNP(Sl | s0,a0) |f0 + 7Y maax Q*(Sb 31)
1

Another definition

v

Q" (50, a0) = Es, [r + 7 V" (s1)]



Bellman Operator for Q*

» Define a corresponding Bellman backup operator
[TQ](SO7 aO) - ]E51NP(51 | s0,a0) n + Y ma?x Q(517 al)
» Q* is a fixed point of T:
» If we apply 7 repeatedly to any initial Q, the series converges to Q*

Q TQ TQ, - =&



Q-Value lteration

Algorithm 1 Q-Value lteration

Initialize Q(©)
for n =10, 1,2, ... until termination condition do
Q (n+1) Q(n)

end for




Q-Policy Iteration

Algorithm 2 Q-Policy Iteration

Initialize Q(®

for n=0,1,2 ... until termination condition do
x(ntl) — g Q"
Q("H‘l) _ Qﬂ("+l)

end for




RQ-Modified Policy Iteration

Algorithm 3 Q-Modified Policy lteration

Initialize Q(©)

for n=0,1,2 ... until termination condition do
x(ntl) — g Q"
Q (n+1) (7'7r (n+1) ) Q(n)

end for




Sample-Based Estimates

» Recall backup formulas for Q™ and Q*

[TQ](SO7 aO) - IE:Sy\-‘P(Sl ‘ 50,30) o + Y nl?x Q(517 al)
[7'7T Q](SO7 aO) - Esle(sl ‘ So,ao) [rO + /YIEalNTF [Q(Sl7 al)]]

» We can compute unbiased estimator of RHS of both equations using a single
sample. Does not matter what policy was used to select actions!

[T Ql(s0, 20) = o+ max Q(s1, a1)
[7{”5](507 ao) = ro +YEs ~r [Q(s1,a1)]

» Backups still converge to Q™, Q* with this noisel

LT, Jaakkola, M. I. Jordan, and S. P. Singh. “On the convergence of stochastic iterative dynamic programming algorithms”. Neural computation
(1994); D. P. Bertsekas. Dynamic programming and optimal control. Athena Scientific, 2012.



Multi-Step Sample-Based Estimates

» Expanding out backup formula

[T QI(s0; @0) = Eagr [0 + VB [Q(51, 21)]]
[(T7)?Q(50: @0) = Eagrr [Fo + Vo [11 + VE iy [Q(52, 2)]]]
=E, [rn+71 + 7 Q(s2, 22)]

(T Q1(s0: a0) = Ex [ro+yr + -+ 7 recs + 7 Q(sk, ax)]

» = can get unbiased estimator of [(77)*Q](so, ) using trajectory segment
(S0: @0, o, S1, @1, 1 - -+ s Sk—1, @k—1; k—1, Sk)



Q-function Backups vs V-function Backups

[T Q](s0, a0) = Eg, |ro + 7 max Q(s1,a1)
[T Ql(s0, a0) = Eg, [ro + VEupur [Q(51, a1)]]
[T V](s0) = nl?X[Esl[fo + V()]

[T V](s0) = EapnrlEs [ro + 7V (50)]]

max and [E swapped: can get unbiased estimate for Q(sp, a9) but not V/(sp) using
(507 do, lo, 51)-



Why @ Rather than V7

» Can compute greedy action max, Q(s, a) without knowing P

» Can compute unbiased estimator of backup value [T Q](s, a) without
knowing P using single transition (s, a, r,s’)

» Can compute unbiased estimator of backup value [T Q](s, a) using off-policy
data



Sampling-Based Algorithms

» Start with Q-value iteration or Q-policy iteration

» Replace backup by estimator

[TQ](SU at) — 7/’?\)7: = It + max Q(5t+1, at+1)

ar+1

[T7QI(st ac) = T Qe = re + Eapyy o [Q(Se41, 3c41)]

» Can also replace [(77)*Q](s:, a;) (from MPI) by sample-based estimate



Sampling-Based Q-Value Iteration

Algorithm 4 Sampling-Based Q-Value lteration

Initialize Q(©)
for n=0,1,2, ... until termination condition do
Interact with the environment for K timesteps (including multiple episodes)

for (s,a) € S x A do
Q" (s,a) = mean{?bt#t such that (s¢, a;) = (s, a)}
where 7/'C\?t = r; + 7y max,,,, Q" (s¢41, aes1)

end for
end for

QU+ = TQW + noise



Least Squares Version of Backup

v

Recall Q("1)(s,a) = mean{ﬁt,Vt such that (s;, a;) = (s, a)}

v

mean{%;} = argmin, >|x; — x]|?

—_— 2
> Q(”H)(s, a) = argmin Z HTQt - QH
Q t where (St73t):(57a)

2

v

K
Q(”+1)(s, a) = argmin ZHﬁt — Q(st, ar)
(O —




Sampling-Based Value lteration

Algorithm 5 Sampling-Based Q-Value Iteration (v2)

Initialize Q©
for n=0,1,2,... until termination condition do
Interact with the environment for K timesteps (including multiple episodes)

o 2
Q("+Y(s, a) = arg ming ZleHTQt — Q(st, ar)

end for

QD) = TQW + noise



Partial Backups

v

Full backup: Q « T Q,
Partial backup: Q + eTQ:+ (1 —¢)Q
Equivalent to gradient step on squared error

v

v

@~ Q- Vo @- TRl 2
—Q-e(Q-TQy,)

=(1 —E)Q—i-eﬁt

2
decreases

Q-TQ

v

For sufficiently small €, expected error




Sampling-Based Q-Value lteration

Algorithm 6 Sampling-Based Q-Value Iteration (v3)

Initialize Q(©)
for n=0,1,2, ... until termination condition do
Interact with the environment for K timesteps (including multiple episodes)

Q(n+1) _ Q(n) + eV Zf:lHﬁt (5t7 at) /2

end for

2
QU+l — (M 4 e(VQHTQ(n) - QH /2|Q:Q(") + noise>
2
= arg minH(l —)QM + ¢(TQ™ + noise)H
Q
» K = 1= Watkins' Q-learning?
> Large K: batch Q-value iteration

2C. J. Watkins and P. Dayan. “Q-learning”. Machine learning (1992).



Convergence

v

Consider partial backup update:

QD) — Q) e(VQHTQ(” QH2/2‘Q:Q(H) + noise)

v

Gradient descent on L(Q) = [|[TQ — Q||*/2, converges?

No, because objective is changing, 7 Q(" is a moving target.

v

v

General stochastic approximation result: do “partial update” for contraction
+ appropriate stepsizes = converge to contraction fixed point?

Given appropriate schedule, e.g. ¢ = 1/n, lim,_ . Q" = Q*

v

3T. Jaakkola, M. I. Jordan, and S. P. Singh. “On the convergence of stochastic iterative dynamic programming algorithms”. Neural computation
(1994).



Function Approximation / Neural-Fitted Algorithms

» Parameterize Q-function with a neural network @y
» To approximate Q < 7 Q, do
2

miniemize ZH Qo(st, a¢) — 7/—5(51‘7 at)

Algorithm 7 Neural-Fitted Q-Iteration (NFQ)*

» Initialize (9.
forn=1,2,... do
Sample trajectory using policy (™.
p 2
0" = minimizey Zt(TQt — Qy(st, at)>

end for

4M. Riedmiller. “Neural fitted Q iteration—first experiences with a data efficient neural reinforcement learning method”. Machine Learning
ECML 2005. Springer, 2005.



